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COMPARISON OF MOTIVIC CHERN CLASSES AND STABLE
ENVELOPES FOR COTANGENT BUNDLES
JAKUB KONCKI
Abstract. We consider complex smooth projective variety equipped with an action of
algebraic torus with finite number of fixed points. We compare the motivic Chern classes
of Bia lynicki-Birula cells and the K-theoretic stable envelopes of cotangent bundle. We
prove that under certain geometric assumptions satisfied by homogenous spaces these
two notions coincide up to normalization.
1. Introduction
Torus action on a smooth quasiprojective complex variety induces many cohomological
structures. The Bia lynicki-Birula decomposition and the localization theorems are the
main widely known examples. In this paper we aim to compare two K-theoretic charac-
teristic classes induced by the Bia lynicki-Birula decomposition: the equivariant motivic
Chern classes of Bia lynicki-Birula cells and the stable envelopes of cotangent bundle. For
simplicity we use shortcuts BB-decomposition and BB-cells for Bia lynicki-Birula decom-
position and Bia lynicki-Birula cells respectively.
Stable envelopes are characteristic classes defined for symplectic varieties equipped
with torus action. They are important objects in the modern geometric representation
theory (cf. [Oko18] for a survey). Stable envelopes occur in three versions: cohomological
[MO19], K-theoretic [OS16, Oko17] and elliptic [AO16]. In this paper we focus on the
K-theoretic ones. They depend on a choice of linearisable line bundle called slope. Their
axioms define unique class for general enough slope, yet existence of element satisfying
axioms is still unknown in many cases.
The motivic Chern class is an offshoot of the program of generalising characteristic
classes of tangent bundle to singular case. It began with the construction of the Chern-
Schwartz-MacPherson class in [Mac74] and was widely developed (e.g. [Ohm08, BSY10,
CMO+13] and [SY07] for a survey). The common point of many of defined characteristic
classes are additivity properties with respect to decomposition of a variety on closed and
open subvariety. For example the non-equivariant motivic Chern class mC (cf. [BSY10])
assigns to every map of varieties X → M a polynomial over K-theory of coherent sheaves
of M - an element of G(M)[y]. Its additivity property states that:
mC(X
f
−→M) = mC(Z
f|Z
−−→M) +mC(X \ Z →M) ,
for every closed subvariety Z ⊂ X . Similar properties are satisfied by the Chern-Schwartz-
MacPherson class and the Hirzebruch class.
Lately equivariant versions of many such classes were defined (e.g. [Ohm06, Web16,
FRW18b, AMSS19]). For an algebraic torus T ≃ Cr the T-equivariant motivic Chern
class (cf. [FRW18b, AMSS19]) assigns to every T-equivariant map of varieties X → M
a polynomial over K-theory of T-equivariant coherent sheaves of M - an element of
GT(M)[y]. It is uniquely defined by three properties (after [FRW18b], section 2.3):
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1. Additivity: If X = Y ⊔ U , then
mCT(X →M) = mCT(Y → M) +mCT(U → M) .
2. Functoriality: For a proper map f : M →M ′ we have
mCT(X
f◦g
→ M ′) = f∗mC
T(X
g
→M) .
3. Normalization: For a smooth variety M we have
mCT(idM) = λy(T
∗M) :=
rankT ∗M∑
i=0
[ΛiT ∗M ]yi .
In many cases one can directly compute this class using the Lefschetz-Riemann-Roch
theorem (cf. [CG10] theorem 5.11.7) and above properties. For examples of computation
see [FRW18b, Kon19]. In the paper [FRW18b] (see also [FRW18a]) it was found that for
G-equivariant varieties with finite number of orbits the motivic Chern classes mCG of G
orbits satisfy axioms similar to those of the stable envelopes.
There is one more family of characteristic classes, called the weight functions, tightly
connected with characteristic classes mentioned above. Their relations with other char-
acteristic classes were widely studied e.g. [RTV15, FRW18b, RW20, KRW19, RTV19].
In this paper we consider a smooth projective variety M equipped with an action of a
torus A. Suppose that the fixed point set MA is finite. Our main result states that under
some geometric assumptions onM the stable envelopes for small enough anti-ample slope
and the motivic Chern classes coincide up to normalization. Namely:
Theorem. Let M be as above. Consider the cotangent variety X = T ∗M with the action
of the torus T = C∗ × A (where the torus C∗ acts on fibers by scalar multiplication).
Suppose that the variety M satisfies the local product condition for BB cells (see definition
3.10). Choose any weight chamber C of the torus A and polarization T 1/2 := TM . For
any anti-ample A-linearisable line bundle s and sufficiently big integer n the elements
mCA−y(M
+
F →M)
ydimM
+
F
∈ KA(M)[y, y−1] ≃ KT(M) ≃ KT(T ∗M)
determine the K-theoretic stable envelope y−
1
2
dimM+F Stab
s
n
C,T 1/2
(F ).
Similar comparison was done in [RV18, AMSS17] for the Chern-Schwartz-MacPherson
class in the cohomological setting. The above theorem is a generalisation of the previous
results of [AMSS19] where analogous equality is proved for the flag varieties G/B. Their
approach is based on study of the Hecke algebra action on K-theory of flag variety,
whereas our strategy is different. First we make a correction in definition of the stable
envelope such that it coincides with the Okounkov’s one for general enough slope and is
unique for all slopes (section 3 and appendix 7). By direct check of axioms we prove that
the equality from the theorem holds for the trivial slope (section 4). Finally we check
that the stable envelopes for trivial slope and small anti-ample slope coincide (section
5). Lastly, in the appendix 8 we check that homogenous varieties G/P satisfy local
product condition mentioned in the theorem. Our main technical tool is study of limits
of Laurent polynomials (of one or many variables). The limit technique was investigated
both for motivic Chern classes [Web17, FRW18b, Kon19] as well as for stable envelopes
[SZZ17, Oko17]. We use it mainly to prove various containments of Newton polytopes.
Homogenous varieties G/P are our main examples of varieties satisfying the local
product property. The study of characteristic classes and stable envelopes of such varieties
COMPARISON OF MOTIVIC CHERN CLASSES AND STABLE ENVELOPES 3
is important theme present in recent research (e.g. [AM16, SZZ17, RV18, RSVZ19]). A
priori the stable envelope is defined for symplectic varieties which admit a proper map
to an affine variety. This condition is satisfied by the cotangent bundles to flag varieties
of any reductive group and all homogenous varieties of GLn. There is weaker condition
(see section 3 condition (⋆)) which is sufficient to define stable envelope and holds for
cotangent bundle to any variety which satisfy the local product condition for BB-cells
(definition 3.10).
1.1. Acknowledgements. I would like to thank to Andrzej Weber for his guidance
and support. The author was supported by the research project of the Polish National
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2. Tools
This section gathers technical results, useful in the further parts of paper. All consid-
ered varieties are assumed to be complex and quasiprojective.
2.1. Equivariant K-theory. Let X be a complex quasiprojective variety equipped with
an action of a torus T. We consider equivariant K-theory of coherent sheaves GT(X) and
equivariant K-theory of vector bundles KT(X). For a smooth variety these two notions
coincide. We use the lambda operations λy : K
T(X)→ KT(X)[y] defined by:
λy(E) :=
rankE∑
i=0
[ΛiE]yi .
The operation λ−1 : K
T(X)→ KT(X) applied to the dual is the K-theoretic Euler class.
Namely
eu(E) = λ−1(E
∗) .
For an immersion of a smooth subvariety Y ⊂ X we denote by eu(Y ⊂ X) the Euler
class of normal bundle. Namely
eu(Y ⊂ X) := λ−1(ν
∗(Y ⊂ X)) ∈ KT(Y ) .
Our main reference for equivariant K-theory is [CG10].
Definition 2.1. Consider a variety X equipped with an action of a torus T. For an
element a ∈ GT(X) and a closed subvariety Y ⊂ X we say that supp(a) ⊂ Y if and only
if a is in the image of pushforward map
GT(Y )
i∗−→GT(X).
The short exact sequence (cf. [CG10] proposition 5.2.14)
GT(Y )
i∗−→GT(X)→ GT(X \ Y )→ 0
implies that this is equivalent to a|X\Y = 0.
Remark 2.2. Note that for an element a ∈ KT(A) the support of a isn’t well defined
subset of X . We only define notion supp(a) ⊂ Y for a closed subvariety Y ⊂ X . The
fact that supp(a) ⊂ Y1 and supp(a) ⊂ Y2 doesn’t imply that supp(a) ⊂ Y1 ∩ Y2.
Corollary 2.3. Consider a reducible T-variety X = X1 ∪X2. Denote the inclusions of
the closed subvarieties X1 and X2 by i and j respectively. Then the pushforward map
i∗ + j∗ : G
T(X1)⊕G
T(X2)→ G
T(X)
is an epimorphism.
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Proof. Denote by U1 and U2 the complements of the closed sets X1 and X2. Note that
due to the exact sequence
GT(X1)
i∗−→GT(X)→ GT(U1)→ 0
it is enough to prove that the composition
α : GT(X2)
j∗
−→GT(X)→ GT(U1)
is an epimorphism. Note that U1 ∩X2 = U1 and by pushforward pullback argument the
map α is equal to the restriction to open subset
GT(X2)→ G
T(U1).
Such restriction is epimorphic map due to the exact sequence of closed immersion. 
Lemma 2.4. Let σ ⊂ T be a one dimensional subtorus. Suppose that F is a T-variety
with trivial action of σ. Then taking attracting part with respect to the torus σ of a vector
bundle induces a well defined map
KT(F )→ KT(F ) .
Analogous result holds for repelling part. More generally taking direct summand corre-
sponding to a chosen character of σ induces such a map.
Proof. Note that T-equivariant maps of vector bundles preserve weight decomposition
with respect to the torus σ. Thus exact sequence of T-vector bundles splits into di-
rect sum of sequences corresponding to characters of σ. It follows that taking the part
corresponding to any subset of characters preserves exactness. 
Remark 2.5. Lemma 2.4 is a consequence of an isomorphism
KT(F ) ≃ KT/σ(F )⊗R(σ).
2.2. BB decomposition. The BB-decomposition was introduced in [BB73] and further
studied in [BB76] (see also [Car02] for a survey).
Definition 2.6 (cf. [MO19] paragraph 3.2.1). Suppose that a torus T acts on a smooth
variety X . Consider the space of cocharacters
t := Hom(C∗,T)⊗Z R .
For a fixed points component F ⊂ XT, denote the torus weights appearing in the normal
bundle as vF1 , ..., v
F
codimF . The weight chamber is a connected component of the set
t \
⋃
F⊂MA,i≤codimF
{vFi = 0}.
Suppose that a torus T acts on a smooth variety X . For one dimensional subtorus
σ ⊂ T and a weight chamber C we use an abbreviation σ ∈ C when the cocharacter of σ
belongs to the chamber C.
Lemma 2.7. Consider a smooth projective variety X equipped with an action of a torus T.
Consider one dimensional subtorus σ ⊂ T such that σ ∈ C for some weight chamber C.
Then the fixed points sets XT and Xσ are equal.
Lemma 2.8. Consider a smooth projective variety X equipped with an action of a torus T.
Choose a weight chamber C. Consider one dimensional subtori σ1, σ2 ⊂ T such that
σ1, σ2 ∈ C. Then the tori σ1 and σ2 induce the same decomposition of normal bundle
to the fixed points set on the attracting and repelling part. Moreover the BB decomposi-
tions with respect to these tori are equal.
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Proof. The only nontrivial part is equality of the BB decompositions. It is consequence
of theorem 3.5 of [Hu95]. Alternatively thanks to the Sumihiro theorem [Sum74] it is
enough to prove the lemma for X equal to the projective space. In this case the proof is
straightforward. 
2.3. Symplectic varieties.
Definition 2.9 ([OS16] section 2.1.2). Consider a smooth symplectic variety (X,ω) with
an action of a torus T. Assume that the symplectic form ω is an eigenvector of T, let h
be its character. The polarization is an element T 1/2 ∈ KT(X) such that
T 1/2 ⊕ C−h ⊗ (T
1/2)∗ = TX ∈ KT(X) .
Remark 2.10. Note that according to the above definition polarization is an element in
K-theory, thus it may be a virtual vector bundle.
2.4. Newton polytopes. Let R be a ring and Λ a lattice of finite rank. Consider
a polynomial f ∈ R[Λ]. The Newton polytope N(f) ⊂ Λ ⊗Z R is a convex hull of
lattice points corresponding to the nonzero coefficients of the polynomial f . We remind
elementary properties of Newton polytopes:
Lemma 2.11. Let R be a ring. For any Laurent polynomials f, g ∈ R[Λ].
(a) N(fg) ⊆ N(f) +N(g).
(b) N(fg) = N(f) +N(g) when the ring R is a domain.
(c) N(fg) = N(f)+N(g) when coefficients of the class f corresponding to the vertices
of polytope N(f) aren’t zero divisors.
(d) N(f + g) ⊆ conv(N(f), N(g)).
(e) Let θ : R→ R′ be a homomorphism of rings. Consider its extension
θ′ : R[Λ]→ R′[Λ].
Then N(θ′(f)) ⊆ N(f).
Consider a smooth variety X equipped with an action of a torus T. Choose a subtorus
A ⊂ T. For a fixed points component F ⊂ XT and an element a ∈ KT(X) we want to
consider the Newton polytope
NA(a|F ) ⊂ Hom(A,C
∗)⊗Z R := a
∗.
It is possible due to the following lemma:
Lemma 2.12. Let F be a smooth variety equipped with an action of a torus T. Let
A ⊂ T be a subtorus which acts trivially on F . Any split of the inclusion A ⊂ T induces
isomorphism
α : KT(F ) ≃ KT/A(F )⊗Z R(A) ≃ K
T/A(F )[Hom(A,C∗)] .
For an element a ∈ KT(F ) we consider the Newton polytope NA(a) ⊂ a∗ using the
isomorphism α. The isomorphism α depends on the choice of split, yet the Newton
polytope is independent from it.
Proof. Consider two split maps s1, s2 : T/A → T. Denote by α1, α2 the induced isomor-
phisms
KT(F )→ KT/A(F )[Hom(A,C∗)] .
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Note that the quotient s2
s1
induces a group homomorphism h : T/A→ A. Consider an
arbitrary class E ∈ KT/A(F ) and a character χ ∈ Hom(A,C∗). Direct calculation provide
us with the formula
α2 ◦ α
−1
1 (Ee
χ) = (E ⊗ Cχ◦h) e
χ .
Thus the Newton polytope is independent from the choice of split. 
Remark 2.13. Consider the situation as in lemma 2.12. Let E be a T-vector bundle over
F . Then the Euler class eu(E) satisfies assumption of lemma 2.11 (c). To see this use
weight decomposition of E with respect to the torus A. Note that for a vector bundle
V with action of A given by a single character the Newton polytope NA(eu(V )) is an
interval. Moreover the coefficients corresponding to the ends of this interval are invertible
(they are equal to classes of the line bundles 1 and det V ∗).
At the end of this section we want to note behaviour of the polytopes NA after restric-
tion to one dimensional subtorus of A. Namely let σ ⊂ A be a one dimensional subtorus.
Denote by
|σ : K
A(pt)→ Kσ(pt)
induced map on the K-theory and by
πσ : Hom(A,C
∗)⊗Z R→ Hom(σ,C
∗)⊗Z R
induced map on the characters.
Lemma 2.14. For an element a ∈ KT(F ) there exists a finite union of hyperplanes K
in the vector space of cocharacters such that for all one dimensional subtori σ whose
cocharacter doesn’t belong to K
Nσ(a|σ) = πσ
(
NA(a)
)
.
Lemma 2.15. Consider a smooth variety with an action of a torus A. Consider one
dimensional subtorus σ ⊂ A such that σ ∈ C for some weight chamber C. Let F be a com-
ponent of the fixed points of A. Then the point 0 is a vertex of the polytope NA(eu(ν−F )).
Moreover the point πσ(0) is the minimal term of line segment πσ
(
NA(eu(ν−F ))
)
.
3. Stable envelopes for isolated fixed points
In this section we recall the definition of the K-theoretic stable envelope introduced
in [OS16, Oko17] (see also [SZZ17, AMSS19, RTV19] for special cases) in the case of
isolated fixed points. In the appendix 7 we give rigorous proof that such classes are
unique (proposition 3.6). Using the Okounkov’s definition it is true only for a general
enough slope. We introduce correction in the definition to bypass this problem.
We use the following notations and assumption
• T ≃ Cr is an algebraic torus.
• (X,ω) is a smooth symplectic T-variety.
• A ⊂ T is a subtorus which preserves the symplectic form.
• We assume that the fixed point set XA is finite (it implies that XA = XT).
• We assume that ω is an eigenvector of T, denote its character by h ∈ Hom(T,C∗)
• C ⊂ a is a weight chamber .
• For a fixed point F ∈ XA we denote by X+F its positive BB-cell depending (only)
on the chamber C (cf. lemma 2.8).
• We denote by ≥ the partial order on the fixed points set induced by the chamber C.
• For a fixed point F ∈ XA we consider the decomposition of normal bundle
νF = ν
+
F ⊕ ν
−
F induced by the chamber C. (cf. lemma 2.8).
COMPARISON OF MOTIVIC CHERN CLASSES AND STABLE ENVELOPES 7
• T 1/2 ∈ KT(X) is a polarization (cf. definition 2.9).
• For a fixed points component F we denote by T
1/2
F,>0 the attracting part of (T
1/2)|F
(cf. lemma 2.4).
• s ∈ Pic(X)⊗Q is a rational A-linearisable line bundle which we call slope.
Moreover we assume that the variety X satisfies the following condition:
(⋆) The set
⊔
F∈XT X
+
F is closed.
Remark 3.1. The (⋆) condition imply that for any fixed point F0 the set
⊔
F∈XT,F≤F0
X+F
is closed.
In the Okounkov’s papers stronger condition of X admitting equivariant proper map to
an affine variety is assumed cf. [MO19] paragraph 3.1.1 and [MO19] lemma 3.2.7 for
the proof that existence of such map implies the condition (⋆). It turns out that the
condition (⋆) is sufficient to prove uniqueness of the stable envelope (cf. proposition 3.6).
Definition 3.2 (cf. chapter 2 of [OS16]). The stable envelope is a morphism of KT(pt)-
modules
Stabs
C,T 1/2 : K
T(XA)→ KT(X)
satisfying three properties:
a) For any fixed point F
supp
(
Stabs
C,T 1/2(1F )
)
⊂
⊔
F ′≤F
X+F ′ .
b) For any fixed point F
Stabs
C,T 1/2(1F )|F = eu(ν
−
F )
(−1)rankT
1/2
F,>0
det T
1/2
F,>0
h
1
2
rankT
1/2
F,>0 .
c) Choose any A-linearisation of the slope s. For a pair of fixed points F ′, F such
that F ′ < F we demand set containment
NA
(
Stabs
C,T 1/2(1F )|F ′
)
+ s|F ⊆
(
NA(eu(ν−F ′)) \ {0}
)
− det T
1/2
F ′,>0 + s|F ′,
where the Newton polytopes are defined as in the lemma 2.12. By an addition of
a line bundle we understand translation by its character.
For a comparison of the above definition with the one given in [OS16, Oko17] see
appendix 7.
Remark 3.3. To define the element h
1
2
rankT
1/2
F,>0 in the axiom b) one may need to pass to
the double cover of torus T (cf. paragraph 2.1.4 in [OS16]). To avoid this problem we
consider the morphisms h−
1
2
rankT
1/2
F,>0Stabs
C,T 1/2
.
Remark 3.4. The Okounkov’s definition differs from the one given above in the axiom c).
In the paper [OS16] weaker set containment is required
NA
(
Stabs
C,T 1/2(λ)|F ′
)
+ s|F ⊆ N
A(eu(ν−F ′))− det T
1/2
F ′,>0 + s|F ′.
It defines the stable envelope uniquely only for general enough slope (cf. paragraph 2.1.8
in [OS16], proposition 9.2.2 in [Oko17] and example 7.1). With our correction the stable
envelope is unique for any choice of slope and coincides with the Okounkov’s one for
general enough slope (namely such that s|F − s|F ′ isn’t an integral point).
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For simplicity we omit the weight chamber, slope and polarization in the notation. The
stable envelope is determined by the set of elements
Stab(F ) := h−
1
2
rankT
1/2
F,>0Stab(1F ),
indexed by the fixed points (1F denote the element one in the ring K
T(F )). It leads to
the following equivalent definition.
Definition 3.5. The K-theoretic stable envelope is a set of elements Stab(F ) ∈ KT(X)
indexed by the fixed points F ∈ XA, such that
a) For any fixed point F
supp(Stab(F )) ⊂
⊔
F ′≤F
X+F ′ .
b) For any fixed point F
Stab(F )|F = eu(ν
−
F )
(−1)rankT
1/2
F,>0
det T
1/2
F,>0
.
c) Choose any A-linearisation of the slope s. For a pair of fixed points F ′, F such
that F ′ < F we demand set containment
NA
(
Stab(F )|F ′
)
+ s|F ⊆
(
NA(eu(ν−F ′)) \ {0}
)
− det T
1/2
F ′,>0 + s|F ′.
Proposition 3.6. With assumptions given at the beginning of this section the stable
envelope (definitions 3.2, 3.5) is unique.
The simplest example of a symplectic variety is cotangent bundles to a smooth variety.
It is natural to ask whether such variety satisfies the assumptions needed to define K-
theoretic stable envelope. Consider a smooth variety M with an action of a torus A, with
finite number of fixed points. Consider the cotangent variety X = T ∗M with the action
of the torus T = A × C∗ such that C∗ acts on the fibers by scalar multiplication. The
fixed points set of this action is finite. In fact we have equality
XT = XA = MA.
The variety X is equipped with the canonical symplectic nondegenerate form ω. This
form is preserved by the torus A and it is an eigenvector of the torus T with character
corresponding to projection on the second factor. Denote this character by y. The
subbundle TM ⊂ TX satisfies the polarization condition (see definition 2.9). Choose
a weight chamber C of the torus A and a one dimensional subtorus σ ⊂ A such that
σ ∈ C. The BB-cells of σ in X are the conormal bundles to the BB-cells of σ in M . The
condition (⋆) means that the set ⋃
F∈MA
ν∗(M+F )
is a closed subset of T ∗M . This condition is not always satisfied.
Remark 3.7. Consider a smooth manifold M decomposed as disjoint union of smooth
locally closed submanifolds
M =
⊔
i
Si.
The sum of the conormal bundles to strata is a closed subset of the cotangent bundle T ∗M
if and only if the decomposition satisfies the Whitney condition A (cf. [GM99] exercise
2.2.4). Thus the (⋆) condition can be seen as algebraic counterpart of the Whitney
condition A.
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Example 3.8. Consider the projective space P2 with the action of diagonal torus of
GL3(C). Choose a general enough subtorus σ. Let x be the middle fixed point in the
Bruhat order. Then the cotangent bundle to blow-up T ∗(BlxP
2) doesn’t satisfy the (⋆)
condition.
Example 3.9. (1) The cotangent bundle to any flag varietyG/B admits an equivariant
projective morphism to an affine variety (cf. [CG10] section 3.2) so it satisfies (⋆)
condition.
(2) The cotangent bundle to anyGLn homogenous variety is a Nakajima quiver variety
(cf. [Nak94] section 7) so it admits an equivariant projective morphism to an affine
variety ([Nak98] section 3, [Gin12] section 5.2).
We introduce a stronger condition on the BB-cells of M which imply the (⋆) condition
for X = T ∗M and is satisfied by the homogenous varieties (cf. theorem 8.1).
Definition 3.10. Consider a projective smooth variety M with an action of a torus A
with chosen one dimensional subtorus σ. Suppose that the fixed points set Mσ is finite.
We say that M satisfies the local product condition for BB-cells if for any fixed point
x ∈ Mσ there exist an A-equivariant Zariski open neighbourhood U of x and A-variety
Zx such that:
(1) There exist an A-equivariant isomorphism
θ : U ≃ (U ∩M+x )× Zx .
(2) For any fixed point y ∈Mσ there exist a subvariety Z ′y ⊂ Zx such that θ induces
isomorphism:
U ∩M+y ≃ (U ∩M
+
x )× Z
′
y .
Proposition 3.11. Suppose that a projective smooth variety M with an action of one
dimensional torus σ satisfies the local product condition for BB-cells. Then the cotangent
variety T ∗M satisfies the (⋆) condition.
Proof. It is enough to prove that for every fixed point F0 ∈ M
σ there is an inclusion
ν∗(M+F0 ⊂M) ⊂
⊔
F∈Mσ
ν∗(M+F ⊂M) .
It is equivalent to claim that for arbitrary fixed points F0, F
ν∗(M+F0 ⊂M) ∩ T
∗M|M+F
⊂ ν∗(M+F ⊂ M) .
Denote by U the neighbourhood of F from definition of the local product property. All
of the subsets in the above formula are σ equivariant. Thus it is enough to prove that
ν∗(M+F0 ∩ U ⊂ U) ∩ T
∗U|M+F
⊂ ν∗(M+F ∩ U ⊂ U) .
The Local product property implies existence of isomorphisms
U ≃M+F × Z, M
+
F ≃M
+
F × {pt}, M
+
F0
≃M+F × Z
′ ,
for some subvariety Z ′ ⊂ Z and point pt ∈ Z. Denote by E the subbundle
M+F × T
∗Z ⊂ T ∗U.
Note that
ν∗(M+F ∩ U ⊂ U) = E|M+F
ν∗(M+F0 ∩ U ⊂ U) =M
+
F × ν
∗(Z ′ ⊂ Z) ⊂ E|M+F0
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Thus
ν∗(M+F0 ∩ U ⊂ U) ∩ T
∗U|M+F
⊂ E|M+F0
∩ T ∗U|M+F
⊂
⊂ E ∩ T ∗U|M+F
= E|M+F
= ν∗(M+F ∩ U ⊂ U) .

4. Comparison with the motivic Chern classes
In this section we aim to compare the stable envelopes for trivial slope with the motivic
Chern classes of BB-cells. Our main results are
Proposition 4.1. Let M be a projective, smooth variety with an action of an algebraic
torus A with finite number of fixed points. Consider the variety X = T ∗M with the action
of the torus T = C∗ × A. Choose any weight chamber C of the torus A, polarization
T 1/2 = TM and the trivial line bundle θ as a slope. Then the elements
mCA−y(M
+
F →M)
ydimM
+
F
∈ KA(X)[y, y−1] ≃ KT(X) ≃ KT(T ∗X)
satisfy the axioms b) and c) of the stable envelope.
Remark 4.2. In this proposition we don’t assume that M satisfy the local product con-
dition or even that X satisfies the (⋆) condition.
Theorem 4.3. Consider the situation such as in proposition 4.1. Suppose that the variety
M with the action of a one dimensional torus σ ∈ C satisfies the local product condition
for BB-cells (definition 3.10). Then elements
mCA−y(M
+
F →M)
ydimM
+
F
∈ KA(X)[y, y−1] ≃ KT(X) ≃ KT(T ∗X)
determine the K-theoretic stable envelope y−
1
2
dimM+F Stabθ
C,T 1/2
(F ).
Corollary 4.4. The stable envelopes for trivial slope are equal to the motivic Chern
classes of Schubert cells
mCA−y((G/P )
+
F → G/P )
ydim(G/P )
+
F
= y−
1
2
dim(G/P )+FStabθC,T (G/P )(1F ).
Proof. Theorem 8.1 imply that homogenous varieties satisfy the local product condition
for BB-cells. Thus, the corollary follows from theorem 4.3. 
Remark 4.5. In the case of flag varieties G/B our results for trivial slope agree with the
previous results of [AMSS19] (theorem 7.5) for a small anti-ample slope up to change of
y to y−1. The difference is a consequence of the fact that in [AMSS19] the inverse action
of C∗ on the fibers of cotangent bundle is considered.
Before the proof of theorem 4.3 we make several simple observations. Let ν˜F ≃ TM|F
denote the normal space to the fixed point F in M . Denote by ν˜−F and ν˜
+
F its decompo-
sition into the positive and negative part induced by the weight chamber C. Let
νF ≃ TM|F ⊕ T
∗M|F
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denote the normal space to the fixed point F in the variety X = T ∗M . It is a straight-
forward observation that
ν−F ≃ ν˜
−
F ⊕ y(ν˜
+
F )
∗
ν+F ≃ ν˜
+
F ⊕ y(ν˜
−
F )
∗
T
1/2
F,>0 = ν˜
+
F .
In the course of proofs we use the following computation:
Lemma 4.6. Let V be a T-vector space. We have an equality
λ−1 (y
−1V )
det V
=
λ−y(V
∗)
(−y)dimV
in the T-equivariant K-theory of a point.
Proof. Both sides of the formula are multiplicative with respect to the direct sums of
T-vector spaces. Every T-vector space decomposes as a sum of one dimensional spaces,
so it is enough to check the equality for dimV = 1. Then it simplifies to trivial form:
1− α
y
α
=
1− y
α
−y
,
where α is character of the action of the torus T on the linear space V . 
Proof of proposition 4.1. We start the proof by checking the axiom b). We need to show
that
mCA−y(M
+
F →M)|F
ydimM
+
F
= eu(ν−F )
(−1)rankT
1/2
F,>0
det T
1/2
F,>0
.
which is equivalent to
mCA−y(M
+
F →M)|F
(−y)dim ν˜
+
F
= eu(ν˜−F )
λ−1(y
−1ν˜+F )
det ν˜+F
.(1)
The BB-cell M+F is a locally closed subvariety. Choose an open neighbourhood U of
the fixed point F in M such that the morphism M+F ∩ U ⊂ U is a closed immersion.
The functorial properties of the motivic Chern class (cf. paragraph 2.3 of [FRW18b], or
theorem 4.2 from [AMSS19]) imply that:
mCA−y
(
M+F
i
−→M
)
|F
= mCA−y
(
M+F ∩ U
i
−→U
)
|F
=
= i∗mC
A
−y
(
idM+F ∩U
)
|F
= i∗
(
λ−y
(
T ∗(M+F ∩ U)
))
|F
= λ−y
(
ν˜+∗F
)
eu(ν˜−F ) .
So the left hand side of expression (1) is equal to
eu(ν˜−F )
λ−y
(
ν˜+∗F
)
(−y)dim ν˜
+
F
.
Lemma 4.6 implies that the right hand size is also of this form.
We proceed to the axiom c). Consider a pair of fixed points F, F ′ such that F ′ < F .
We need to prove the inclusion:
NA
(
mCA−y(M
+
F →M)|F ′
ydimM
+
F
)
⊆ NA(eu(ν−F ′))− det T
1/2
F ′,>0(2)
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and take care of the distinguished point
− det T
1/2
F ′,>0 /∈ N
(
mCA−y(M
+
F →M)|F ′
ydimM
+
F
)
.(3)
Let’s concentrate on the inclusion (2). There is an equality of polytopes
NA(eu(ν−F ′))− det T
1/2
F ′,>0 = N
A
(
eu(ν˜−F )
λ−1(y
−1ν˜+F )
det ν˜+F
)
= NA
(
eu(ν˜−F ′)λ−y
(
ν˜+∗F ′
))
,
where the second equality follows from lemma 4.6. After substitution of y = 1 to the
class eu(ν˜−F ′)λ−y
(
ν˜+∗F ′
)
we obtain the class eu(ν˜F ′). Thus, lemma 2.11 (e) implies that
there is an inclusion
NA(eu(ν˜F ′)) ⊆ N
A
(
eu(ν˜−F ′)λ−y
(
ν˜+∗F ′
))
.
Moreover
NA
(
mCA−y(M
+
F → M)|F ′
ydimM
+
F
)
= NA
(
mCA−y(M
+
F →M)|F ′
)
= NA
(
mCAy (M
+
F →M)|F ′
)
.
Theorem 4.2 from [FRW18b] implies that there is an inclusion
NA
(
mCAy (M
+
F →M)|F ′
)
⊆ NA(eu(ν˜F ′)).
To conclude we have proven inclusions
NA
(
mCAy (M
+
F →M)|F ′
)
⊆ NA(eu(ν˜F ′)) ⊆ N
A
(
eu(ν˜−F ′)λ−y
(
ν˜+∗F ′
))
= NA(eu(ν−F ′))−det T
1/2
F ′,>0.
The next step is the proof of the formula (3). We proceed in a manner similar to the
proof of corollary 4.5 in [FRW18b]. Consider a general enough one dimensional subtorus
σ ∈ C. Lemma 2.14 implies that
Nσ
(
mCAy (M
+
F →M)|F ′ |σ
)
= πσ
(
NA
(
mCAy (M
+
F →M)|F ′
))
.(4)
Theorem 4.2 from [FRW18b] (cf. also theorem 10 from [Web17]), with the limit in ∞
changed to the limit in 0 to get positive BB cell instead of negative one, implies that
lim
ξ→0
(
mCAy (M
+
F ⊂ M)|F ′
eu(νF ′)
∣∣∣∣∣
σ
)
= χy(M
+
F ∩M
+
F ′) = χy(∅) = 0 ,
where the class χy is the Hirzebruch genus (cf. [Hir56, BSY10]).
Thus the lowest term of line segment Nσ
(
mCAy (M
+
F → X)|F ′|σ
)
is greater than the
lowest term of line segment Nσ (eu(νF ′)|σ), which is equal to πσ(− det T
1/2
F ′,>0) by lemma
2.15. Thus
πσ(− det T
1/2
F ′,>0) /∈ πσ
(
NA
(
mCAy (M
+
F → X)|F ′
))
.
Which implies
− det T
1/2
F ′,>0 /∈ N
A
(
mCA−y(M
+
F → X)|F ′
ydimM
+
F
)
,
as demanded in (3). 
To prove theorem 4.3 we need the following technical lemma.
Lemma 4.7. Let M and X be varieties such as in proposition 4.1. Suppose that M
satisfies the (⋆) condition. Consider a fixed point F ∈ MA. Suppose that an element
a ∈ KT(X) satisfies two conditions:
(1) supp(a) ⊂
⋃
F ′≤F T
∗M|M+
F ′
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(2) λ−y(T
∗M+Fi)|Fi divides a|Fi for any fixed points Fi ∈M
A.
Then supp(a) ⊂
⋃
F ′≤F v
∗(M+F ′ ⊂M).
Proof. Consider the set of positive BB-cells of M corresponding to fixed points F ′ ≤ F .
Arrange them in a sequence B1, ..., Bk in such a way that for every t ≤ k the sum
⋃t
i=1Bi
is a closed subset ofM (cf. [BB76] theorem 3). Denote by Fi the fixed point corresponding
to the BB cell Bi. Denote by
Et =
t⋃
i=1
T ∗M|Bi and by V =
k⋃
i=1
ν∗(Bi ⊂M).
Our goal is to prove by induction that
supp(a) ⊂ Et ∪ V.
Note that the (⋆) condition implies that the sets Ea ∪ V are closed. The first condi-
tion implies this containment for t = k, which allows to start induction. To prove the
proposition we need this containment for t = 0.
Assume that supp(a) ⊂ Et∪V for some t ≥ 1. We want to prove that supp(a) ⊂ Et−1 ∪ V.
Denote by ι the inclusion
ι : Et ∪ V ⊂ X.
Element a is equal to ι∗α for some α ∈ G
T(Et∪V ). Denote by U the variety T
∗M|Bt\ν
∗Bt.
Using the equality of the complements
(Et ∪ V ) \ (Et−1 ∪ V ) = T
∗M|Bt \ ν
∗Bt = U ,
we get an exact sequence
GT(Et−1 ∪ V )→ G
T(Et ∪ V )→ G
T(U)→ 0 .
So it is enough to show that α restricted to the open subset U vanishes. The variety
Et ∪ V is reducible. Denote by i and j the inclusions Et ⊂ Et ∪ V and V ⊂ Et ∪ V .
Corollary 2.3 implies that the map
i∗ + j∗ : G
T(Et)⊕G
T(V )։ GT(Et ∪ V )
is epimorphic. Choose any decomposition
α = i∗αE + j∗αV
such that αE ∈ G
T(Et) and αV ∈ G
T(V ). The subsets V and U have empty intersection
so
(j∗αV )|U = 0.
Thus, it is enough to show that i∗αE also vanishes after restriction to U .
Note that lemma 4.6 implies the following equality in KT(Ft)
λ−y(T
∗Bt) =
(−y)dimBt
det T ∗Bt
λ−1(y
−1TBt) =
(−y)dimBt
det T ∗Bt
eu(ν∗Bt ⊂ T
∗M|Bt).
Moreover the first map in the exact sequence of closed immersion
KT(ν∗Bt)
i∗−→KT(T ∗M|Bt)→ K
T(U)→ 0
is multiplication by the Euler class eu(ν∗Bt ⊂ T
∗M|Bi). It follows that for an arbitrary
element b ∈ KT(T ∗M|Bi) the restriction of b to the set U is trivial if and only if λ−y(T
∗Bt)
divides b|Ft .
The second assumption and the fact that (ι∗j∗αV )|U = 0 implies that the element
(ι∗i∗αE)|Ft = a|Ft − (ι∗j∗(αV ))|Ft
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is divisible by λ−y(T
∗Bt). The pushforward-pullback argument shows that(
eu(ν(T ∗M|Bt ⊂ X))αE
)
|Ft
= (ι∗i∗αE)|Ft .
It follows that λ−y(T
∗Bi)|Ft divides αE|Ft multiplied by the Euler class eu(ν(T
∗M|Bt ⊂ X))|Ft.
We need to prove that it divides αE|Ft. We use the following simple algebra exercise:
Exercise. Let R be a domain and R[y, y−1] the ring of Laurent polynomials. Assume that
A(y) ∈ R[y, y−1] is a monic Laurent polynomials and r ∈ R a nonzero element. Then for
any polynomial B(y) ∈ R[y, y−1]
A(y)|B(y) ⇐⇒ A(y)|rB(y) .
The ring KT(Ft) is isomorphic to K
A(Ft)[y, y
−1], the polynomial λ−y(T
∗Bt)|Ft is monic
(the smallest coefficient is equal to one) and the Euler class eu(T ∗M|Bt ⊂ X)|Ft belongs to
the subring KA(Ft). The exercise implies that λ−y(T
∗Bt) divides αE|Ft. So αE vanishes
on U . Proof of the lemma follows by induction. 
Proof of theorem 4.3. Proposition 4.1 implies that the axioms b) and c) holds. It is
enough to check the support axiom.
Chose a fixed point F ∈ MA. Functorial properties of the motivic Chern class imply
that the support of class
mCA−y(M
+
F → M) ∈ K
A(M)[y] ⊂ KT(M)
is contained in the closure of M+F which is contained in the closed set
⋃
F ′≤F M
+
F ′ . It
follows that the support of pullback element
mCA−y(M
+
F →M) ∈ K
T(T ∗M)
is contained in restriction of the cotangent bundle T ∗M to the subset
⋃
F ′≤F M
+
F ′. To
prove the support axiom we need to check that it is contained in the smaller subset⋃
F ′≤F
ν∗(M+F ′ ⊂M).
Thus, it is enough to check the assumptions of lemma 4.7 for a equal to the class
mCA−y(M
+
F → M). We know that the first assumption holds. The local product con-
dition (definition 3.10) implies that for any fixed point F ′
mCA−y(M
+
F →M)|F ′ = mC
A
−y(M
+
F ∩U → U)|F ′ = mC
A
−y(Z
′
F ×M
+
|F ′ → ZF ′ ×M
+
|F ′)|F ′ =
= mCA−y(Z
′
F ⊂ ZF ′)|F ′mC
A
−y(M
+
|F ′ →M
+
|F ′)|F ′ = mC
A
−y(Z
′
F ⊂ ZF ′)|F ′λ−y(T
∗M+F ′)|F ′ .
Hence the class mCA−y(M
+
F → M) satisfies the assumptions of lemma 4.7. 
Remark 4.8. In the proof of theorem 4.3 we need the local product condition only to get
divisibility demanded in lemma 4.7. Namely for a pair of fixed points F, F ′ such that
F > F ′ we need divisibility of mC−y(M
+
F ⊂ M)|F ′ by λ−y(T
∗M+F ′)|F ′. If the closure of
the BB-cell of F is smooth at F ′ and the BB-cells form a stratification of M then the
divisibility condition automatically holds. In general case one can assume existence of
motivically transversal slice instead of the local product property. Namely suppose there
is a smooth locally closed subvariety S ⊂M such that:
• F ′ ∈ S and S is transversal to M+F ′ at F
′
• S is of dimension complementary to M+F ′
• S is motivically transversal (cf. [FRW18a], section 8) to M+F
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Then theorem 8.5 from [FRW18a], or reasoning analogous to proof of lemma 5.1 from
[FRW18b] proves the desired divisibility condition. In the case of homogenous varieties
divisibility can be also acquired using theorem 5.3 of [FRW18b] for the Borel group action.
5. Other slopes
Computation of the stable envelopes for trivial slope allows one to easily get formulas
for all integral slopes.
Corollary 5.1. Consider a situation described in theorem 4.3. For a A-linearisable line
bundle s ∈ Pic(X) elements
s
s|F
·
mCA−y(M
+
F →M)
ydimM
+
F
∈ KA(M)[y, y−1] ≃ KT(M) ≃ KT(T ∗M)
determine the K-theoretic stable envelope y−
1
2
dimM+F Stabs
C,T 1/2
(F ).
In this section we aim to prove that the stable envelope for trivial slope coincides with
the one for sufficiently small anti-ample slope. Namely:
Theorem 5.2. Let M be a projective, smooth variety with an action of an algebraic
torus A with finite number of fixed points. Consider the variety X = T ∗M with the
action of the torus T = C∗ × A. Suppose that M satisfies the local product condition for
BB cells (definition 3.10). Choose any weight chamber C of the torus A and polarization
T 1/2 = TM . For any anti-ample A-linearisable line bundle s and a sufficiently big integer
n elements
mCA−y(M
+
F →M)
ydimM
+
F
∈ KA(M)[y, y−1] ≃ KT(M) ≃ KT(T ∗M)
determine the K-theoretic stable envelope y−
1
2
dimM+F Stab
s
n
C,T 1/2
(F ).
Proof. Theorem 4.3 implies that the considered elements satisfy the axioms a) and b) of
stable envelope. It is enough to check the axiom c). Namely for a fixed point F ′ ≤ F we
need to show that
NA
(
mCA−y(M
+
F → M)|F ′
)
+
sF − sF ′
n
⊆ NA(eu(ν−F ′)− {0})− det T
1/2
F ′,>0.
Note that a part of theorem 4.3 is an analogous inclusion for the trivial slope. It implies
that the point − det T
1/2
F ′,>0 doesn’t belong to the Newton polytope of motivic Chern class.
The Newton polytope is a closed set thus for small enough vector v ∈ a∗ its translation
by v also doesn’t contain the point − det T
1/2
F ′,>0. So it is enough to prove that there exists
an integer n such that
NA
(
mCA−y(M
+
F → M)|F ′
)
+
sF − sF ′
n
⊆ NA(eu(ν−F ′))− det T
1/2
F ′,>0.
Moreover in the course of proof of proposition 4.1 we showed containment of polytopes
NA(eu(ν˜−F ′)) ⊂ N
A(eu(ν−F ′))− det T
1/2
F ′,>0
Therefore it is enough to show that for big enough integer n there is an inclusion
NA
(
mCA−y(M
+
F → M)|F ′
)
+
sF − sF ′
n
⊆ NA(eu(ν˜−F ′)).
Consider a lattice polytope N ⊂ a∗. Define a facet as a codimension one face. We
use the name integral hyperplane for an affine codimension one subspace spanned by
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lattice points. Suppose that the whole interior of the polytope N lies on one side of an
integral hyperplane H . Denote by EH half-plane which is the closure of the component
of complement of H which contains the interior of N . Suppose that the affine span of N
is the whole ambient space. For a facet τ of N let Hτ be an integral hyperplane which is
the affine span of the face τ . Note that
N =
⋂
τ
EHτ
where the intersection is indexed by codimension one faces.
Similar argument can by applied to any Newton polytope, not necessarily spanning the
whole ambient space. Denote by aff(−) the affine span operator. For any facet τ choose
an integral hyperplane Hτ such that
Hτ ∩ aff(N) = aff(τ) .
Then
N = aff(N) ∩
⋂
τ
EHτ
Thus to check containment in the polytope N it is enough to check containment in finitely
many integral half-planes EHτ and affine span of N . We use this observation for N equal
to the Newton polytope NA(eu(ν˜−F ′)).
We say that the vector v ∈ a∗ points to EH when addition of v preserves EH . Our
strategy of the proof is to show that for an integral hyperplane Hτ corresponding to the
facet τ of the polytope NA(eu(ν˜−F ′)) at least one of the following conditions holds:
• The intersection NA
(
mCA−y(M
+
F → M)|F ′
)
∩Hτ is empty.
• The vector sF − sF ′ points to EHτ .
Moreover if an integral hyperplane H contains the whole polytope NA(eu(ν˜−F ′)) then the
addition of the vector sF − sF ′ preserves H .
Note that the above facts are sufficient to prove the theorem. Namely proposition 4.1
shows that the polytope NA
(
mCA−y(M
+
F → M)|F ′
)
is contained inside NA(eu(ν˜−F ′)). It
follows that it lies inside EHτ for every facet τ . If the vector sF − sF ′ points to EHτ then
for every integer n ∈ N
NA
(
mCA−y(M
+
F →M)|F ′
)
+
sF − sF ′
n
⊂ EHτ
On the other hand if the intersection NA
(
mCA−y(M
+
F →M)|F ′
)
∩H is empty then trans-
lation of the polytope NA
(
mCA−y(M
+
F →M)|F ′
)
by a sufficiently small vector still lies
in EHτ . There are only finitely many facets of N so there exists integral n such that
NA
(
mCA−y(M
+
F →M)|F ′
)
+
sF − sF ′
n
⊂
⋂
τ
EHτ .
Moreover addition of the vector sF − sF ′ preserves the affine span of N
A(eu(ν˜−F ′)). It
follows that for big enough n the desired inclusion holds.
Let H ⊂ a∗ be any integral hyperplane. Denote by H˜ the vector space parallel to H
(i.e a hyperplane passing through 0). Consider the one dimensional subspace
h = ker(a։ H˜∗).
The hyperplane H is integral so h corresponds to a one dimensional subtorus σH ⊂ A.
Choose an isomorphism σH ≃ C
∗ such that the induced map
πH : a
∗
։ a∗/H˜ ≃ h∗ ≃ R,
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sends the vectors pointing to EH to non-negative numbers. Thus, the vector sF − sF ′
points to EH if and only if
πH(sF − sF ′) ≥ 0.
The isomorphism σH → C
∗ corresponds to a choice of primitive character t of the torus
σH . To study the intersection with hyperplane H we use the limit technique with respect
to the torus σH . We use the definition of limit map from [Kon19] definition 4.1. It is a
map defined on a subring of localised K-theory:
lim
t→0
: S−1A K
A(pt)[y, y−1] 99K S−1A/σHK
A/σH (pt)[y, y−1] .
The multiplicative system SA (respectively SA/σH ) is equal to all nonzero elements of
KA(pt) (respectively KA/σH (pt)). We present the sketch of construction of the above map.
Choose an isomorphism of tori A ≃ σH × A/σH . It induces an isomorphism K
A(pt) ≃
KA/σH (pt)[t, t−1]. Then the limit map is defined on the subring KA/σH (pt)[t][y, y−1] by
killing all positive powers of t. For technical details, extension to the localised K-theory
and proof of being well defined see [Kon19] section 4.
The hyperplane H corresponds to the facet of polytope NA(eu(ν˜−F ′)) ⊂ EH thus (for a
more detailed discussion see remark 5.4)
NA
(
mCA−y(M
+
F → M)|F ′
)
∩H = ∅ ⇐⇒ lim
t→0
mCA−y(M
+
F →M)|F ′
eu(ν˜−F ′)
= 0 .
Let F˜ ⊂ XσH be a component of the fixed points set of σH which contains F
′. Proposition
4.3 and theorem 4.4 from [Kon19] implies that
lim
t→0
mCA−y(M
+
F →M)|F ′
eu(ν˜−F ′)
= lim
t→0
(
mCA−y(M
+
F →M)|F˜
eu(F˜ → M)λ−1(T ∗F˜ )
)
|F ′
=
=
(
lim
t→0
mCA−y(M
+
F →M)|F˜
eu(F˜ →M)λ−1(T ∗F˜ )
)
|F ′
=
(
1
λ−1(T ∗F˜ )
lim
t→0
mCA−y(M
+
F →M)|F˜
eu(F˜ →M)
)
|F ′
=
=
(
mC
A/σH
−y (M
+
F ∩M
σH ,+
F˜
→ F˜ )
λ−1(T ∗F˜ )
)
|F ′
whereMσH ,+
F˜
is the positive BB cell of F˜ with respect to the torus σH . It follows that if the
intersection M+F ∩M
σH ,+
F˜
is empty then the intersection NA
(
mCA−y(M
+
F → M)|F ′
)
∩ H
is also empty. The closure of set MσH ,+
F˜
is A-equivariant, thus M+F ∩ M
σH ,+
F˜
can be
nonempty only if F belongs to the closure of MσH ,+
F˜
. To conclude it is enough to prove
that πH(sF − sF ′) ≥ 0 whenever F belongs to the closure of M
σH ,+
F˜
.
For F ∈ MσH ,+
F˜
there exist a finite number of points A1, ..., Am−1, B1, ..., Bm ∈ M
σH
such that
• F = B1 and Bm ∈ F˜ ,
• for every i points Ai and Bi lies in the same component of M
σH ,
• there exists one dimensional σH orbit from point Bi to Ai−1,
(see lemma 9 from [BB76] for a proof in the case of isolated fixed points). For a fixed
point B ∈ MσH the fiber s|B is a σH representation, denote by s˜B its character. For
an A-fixed point B there is an equality s˜B = π(sB). The bundle s is anti-ample, so its
restriction to every one dimensional σH orbit is also anti-ample. For every anti-ample
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line bundle on P1 weight on the repelling fixed point is greater or equal than weight on
the attracting one so s˜Bi = s˜Ai ≥ s˜Bi+1 . It follows that
π(sF ) = s˜B1 ≥ s˜Bm = π(sF ′).
Assume now that an integral hyperplane H contains the whole polytope NA(eu(ν˜−F ′)).
Then the torus σH acts trivially on the tangent space ν˜
−
F ′. Consider the fixed points set
component FH ⊂ M
σH which contains F . It is a smooth closed subvariety of M whose
tangent space at F ′ is the whole tangent space TF ′M . Thus it contains the connected
component of F ′. It follows that σH weights of s restricted to F and F
′ coincide, thus
π(sF − sF ′) = 0. 
Remark 5.3. The inequality about weights of anti-ample line bundle on P1 can be checked
directly using the fact that all anti-ample line bundles on the projective line P1 are of the
form O(n) for n < 0. It can be also derived from the localization formula in equivariant
cohomology and the fact that degree of an anti-ample line bundle on P1 is negative (cf.
[MO19] paragraph 3.2.4).
Remark 5.4. Intuitively one can think of the limit map of fraction as considering only this
part of classes which corresponds to the last translation of hyperplane which intersects the
Newton polytope of denominator. Namely consider the subtorus σH ⊂ A corresponding
to some integral hyperplane H with chosen primitive character t (it induces choice of a
half-plane EH). Consider classes a, b ∈ K
A(pt). Suppose that
NA(a), NA(b) ⊂ EH and N
A(b) ∩H 6= ∅.
Choice of splitting A ≃ σH × A/σH corresponds to a choice of integral character γ ∈ a
∗
which restriction to the subtorus σH is equal to t. There exist integer m such that
γmH = H˜ . It follows that under the isomorphism KA(pt) ≃ KA/σH (pt)[γ, γ−1] we have
γma, γmb ∈ KA/σH (pt)[γ].
Moreover γmb has nontrivial coefficient corresponding to γ0. It is equal to the part of
class b which corresponds to the intersection H ∩NA(b). Denote by q the projection
KA/σH (pt)[γ]→ KA/σH (pt)
defined by substitution γ = 0. It follows that the limit map is defined on the element a
b
as
lim
t→0
a
b
= lim
t→0
λma
λmb
=
q(λma)
q(λmb)
.
Remark 5.5. Using limit techniques one usually restricts to Kσ(pt) ≃ Z[t, t−1] for general
enough subtorus σ and then consider limits (cf. [FRW18b, SZZ17]). In our case we
consider a chosen subtorus σH so we cannot proceed in this manner. It may happen that
after restriction to KσH (pt) denominator vanishes.
6. Example: Projective plane
In this section we aim to illustrate the proof of theorem 5.2 by presenting explicit com-
putations in the case of projective plane. We consider (using notation from theorem 5.2)
• The torus A = (C∗)2 acting on the projective plane M = P2 by:
(t1, t2)[x : y : z] = [x : t1y : t2z].
• The weight chamber corresponding to the one dimensional subgroup σ(t) = (t, t2)
• The anti-ample line bundle s = O(−1) as a slope.
COMPARISON OF MOTIVIC CHERN CLASSES AND STABLE ENVELOPES 19
• The fixed points F = [0 : 1 : 0] and F ′ = [0 : 0 : 1].
Denote by α and β characters of the torus T given by projections to the first and the
second coordinates of A, respectively. Local computation leads to formulas:
eu(ν(F ′ → M))|F ′ =
(
1−
β
α
)
(1− β)
mC−y(M
+
F → M)|F ′ = (1− y)
β
α
(1− β)
det T
1/2
F ′,>0 = 0
v := s|F − s|F ′ =
α
β
α
β
v
τ1
τ2
τ3
τ4
Denote by B := NA(mC−y(M
+
F → M)|F ′) (blue interval), C = N
A(eu(ν(F ′ → M))F ′)
(yellow parallelogram) and D = det T
1/2
F ′,>0 = 0 (red point). Denote the facets of polytope
C by τ1, τ2, τ3, τ4 according to the picture.
Theorem 4.3 implies that the blue interval B is contained in the yellow polytope C
and the red point D doesn’t belong to the interval B. It is enough to prove that for
sufficiently big n and every facet τ
B +
v
n
⊂ EHτ .
Let’s compute half-planes and subtori associated with the facets.
facet EHτ H˜τ σH ⊂ A πHτ character t
τ1 {xα + yβ|x ≤ 0} lin(β) (t, 0) xα + yβ → −x (t, 0)→
1
t
τ2 {xα + yβ|x+ y ≤ 1} lin(α− β) (t, t) xα + yβ → −x− y (t, t)→
1
t
τ3 {xα + yβ|x ≥ −1} lin(β) (t, 0) xα + yβ → x (t, 0)→ t
τ4 {xα + yβ|x+ y ≥ 0} lin(α− β) (t, t) xα + yβ → x+ y (t, t)→ t
Choice of splitting A ≃ σH × A/σH corresponds to a choice of integral character γ ∈ a
∗
which restriction to the subtorus σH is equal to t. For τ1 and τ3 let’s choose γ =
(
α
β2
)±1
.
It induces a splitting of cohomology KA(pt) = Z[β, β−1][ α
β2
, β
2
α
]. Using this splitting we
can compute limits.
τ1 : lim
t→0
(1− y)
β
α
1− β
α
= (1− y) lim
t→0
β2
α
β − β
2
α
= (1− y)
0
β
= 0
τ3 : lim
t→0
(1− y)
β
α
1− β
α
= (1− y) lim
t→0
1
β
α
β2
− 1
β
= (1− y)
1
β
− 1
β
= y − 1
For τ2 and τ4 let’s choose γ = α
±1. It induces a splitting KA(pt) = Z[α
β
, β
α
][α, α−1] (the
character β
α
is a basis of H˜τ ) and
τ2, τ4 : lim
t→0
(1− y)
β
α
1− β
α
= (1− y)
β
α
1− β
α
.
This calculations imply the fact that
B ∩ τi 6= ∅ ⇐⇒ i ∈ {2, 3, 4}.
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We want to show that addition of the vector v preserves half-plane EHτ for these three
facets by proving that
πHτi (v) ≥ 0 for i ∈ {2, 3, 4}.
For τ2, τ4 the points F
′, F belongs to the same fixed points set component of the torus σH .
It implies that πH(v) = 0 which agrees with direct computation
πH(v) = πH(α− β) = ±(1 + (−1)) = 0.
Moreover for τ3 there is one dimensional σH -orbit [0 : x : y] from F to F
′. It implies that
πHτ3 (v) > 0 which agrees with direct computation
πHτ3 (v) = πHτ3 (α− β) = 1.
To conclude, for every n ∈ N the interval B + v
n
is contained in the intersection of
half-planes
⋂4
i=2EHτi . Moreover it is also contained in EHτ1 for sufficiently big integer n.
7. Appendix 1: The uniqueness of stable envelopes
In [OS16, Oko17] the stable envelope was defined for the action of a reductive group G.
In this appendix we show that for the group G equal to a torus and a general enough slope
our definition 3.2 of the stable envelope coincides with the Okounkov’s one. Moreover we
prove the uniqueness of stable envelopes for an arbitrary slope.
According to [OS16, Oko17] the stable envelope is a map
KT(XA)→ KT(X)
given by a correspondence
Stab ∈ KT(XA ×X) ,
which satisfy three properties (cf. [Oko17] paragraph 9.1.3). For a T-variety X , and
a finite set F any map of KT(pt) modules f : KT(F ) → KT(X) is determined by a
correspondence G ∈ KT(F ×X) such that
Gx×X = f(1x)
for any x ∈ F . Below we denote both morphism and correspondence by Stab. The main
ingredient in the Okounkov’s definition are attracting sets. For a one parameter subgroup
σ : C∗ → A it is defined as (cf. [OS16] paragraph 2.1.3, [Oko17] paragraph 9.1.2):
Attr = {(y, x) ∈ XA ×X| lim
t→0
σ(t)x = y} .
Moreover for a fixed points component F ⊂ XA we define
Attr(F ) = {x| lim
t→0
x ∈ F} ⊂ X .
The straightforward comparison of definitions shows that the attracting sets coincide with
the BB-cells
Attr(F ) = X+F .
Moreover in the case of isolated fixed points we have
Attr =
⊔
F∈XT
F ×X+F .
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Support condition: (paragraph 2.1.1 from [OS16], paragraph 9.1.3 point 1 from
[Oko17] and theorem 3.3.4 point (i) of [MO19]) In the Okounkov’s papers it is required
that
supp(Stab) ⊂
⊔
F∈XT
(
F ×
⊔
F ′<F
Attr(F ′)
)
,
which means exactly that for any fixed point F ∈ XA
supp(Stab(1F )) ⊂
⊔
F ′<F
Attr(F ′) .
The attracting sets coincide with the BB-cells, so this is equivalent formulation of the
axiom a).
Normalization condition: (paragraph 2.1.4 from [OS16], paragraph 9.1.5 from
[Oko17]) Consider any fixed point F ∈ XT. In the Okounkov’s papers it is required
that the correspondence Stab ∈ KT(XT × X) inducing the stable envelope morphism
satisfy
Stab|F×F = (−1)
rankT
1/2
>0
(
det ν−F
det T
1/2
F, 6=0
)1/2
⊗OAttr|F×F
After substitutions
OAttr|F×F = OdiagF ⊗ eu(ν
−
F )
det ν−F
det T
1/2
F, 6=0
= hrankT
1/2
>0
(
1
det T
1/2
F,>0
)2
noted in paragraph 2.1.4 of [OS16] we obtain
Stab|F×F = eu(ν
−
F )
(−1)rankT
1/2
F,>0
det T
1/2
F,>0
⊗ h
1
2
rankT
1/2
F,>0 ⊗OdiagF .
Changing correspondence to a morphism we get an equivalent condition
Stab(1F )|F = eu(ν
−
F )
(−1)rankT
1/2
F,>0
det T
1/2
F,>0
h
1
2
rankT
1/2
F,>0 ,
which is exactly our axiom b).
Smallness condition: (paragraph 2.1.6 from [OS16], paragraph 9.1.9 from [Oko17])
In the case of isolated fixed points the last axiom of stable envelope from the Okounkov’s
papers states that for any pair F1, F2 of fixed points
NA
(
Stab|F1×F2 ⊗ s|F1
)
⊆ NA
(
Stab|F2×F2 ⊗ s|F2
)
.
The support condition implies that this requirement is nontrivial only when F1 > F2.
Changing correspondence to a morphism we get an equivalent form
NA
(
Stab(1F1)|F2
)
+ s|F1 ⊆ N
A
(
Stab(1F2)|F2
)
+ s|F2.
Replace Stab(1F2)|F2 by its value determined by the normalization condition. Note that
the torus A preserves the symplectic form ω, thus multiplication by h doesn’t change
Newton polytope NA. Thus, we get an equivalent formulation
NA
(
Stab(1F1)|F2
)
+ s|F1 ⊆ N
A
(
eu(ν−F2)
)
− det T
1/2
F2,>0
+ s|F2,
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which is very similar to the axiom c). The only difference is that we additionally require
− det T
1/2
F2,>0
+ s|F2 /∈ N
A
(
Stab(1F1)|F2
)
+ s|F1.
For a general enough slope this requirement automatically holds because
− det T
1/2
F2,>0
+ s|F2 − s|F1
is a vertex of polytope which isn’t a lattice point. Addition of this assumption is needed
to acquire uniqueness of the stable envelopes for all slopes.
Example 7.1. Consider the variety X = T ∗P1 with the action of the torus T = C∗ × A
where A is the one dimensional torus acting on P1 by
α[a : b] = [αa : b]
and C∗ acts on the fibers by scalar multiplication. Denote by α and y characters of T
corresponding to projections to the tori A and C∗. The action of the torus T has two
fixed points e1 = [1 : 0] and e2 = [0 : 1]. One can easily check that the variety X satisfies
condition (⋆).
Consider the stable envelope for the positive weight chamber (such that α is a positive),
the tangent bundle TP1 as polarization and the trivial line bundle as a slope. If we omit
the point zero in the axiom c) then both
Stab(e1) = 1− O(−1), Stab(e2) =
1
y
−
O(−1)
α
and
Stab(e1) = 1− O(−1), Stab(e2) =
O(−1)
y
−
O(−2)
α
satisfies the axioms of stable envelope.
The rest of this appendix is devoted to the proof of uniqueness of the stable envelope
(proposition 3.6). For general enough slope it was proved in proposition 9.2.2 of [Oko17].
For the sake of completeness we present it with all necessary technical details omitted
in the original. The proof is a generalisation of the proof of uniqueness of cohomological
envelopes (paragraph 3.3.4 in [MO19]). We need the following lemma.
Lemma 7.2. Choose a set of vectors lF ∈ Hom(A,C
∗) ⊗ Q indexed by the fixed points
F ∈ XA. Suppose that an element a ∈ KT(X) satisfies conditions
(1) supp(a) ⊂
⊔
F∈XT X
+
F .
(2) ∀F⊂XAN
A(a|F ) ⊆
(
NA(eu(ν−F )) \ {0}
)
+ lF .
Then a = 0.
Proof. We proceed by induction on the partially ordered set XA. Suppose that the
element a is supported on the closed set Y =
⊔
F∈Z X
+
F for some subset Z ⊂ X
T . Choose
a BB-cell X+F1, corresponding to some fixed point F1 ∈ X
A, which is an open subvariety of
Y . We aim to show that a is supported on the closed subset
⊔
F∈(Z−F1)
X+F . By induction
it implies that a = 0.
Choose an open subset U ⊂ X such that U ∩ Y = X+F1. Consider the diagram
U
i
// X
F1
s0
// X+F1
j˜
OO
i˜
// Y
j
OO
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The square in the diagram is pullback. The BB cells are smooth locally closed subvarieties,
so the map j˜ is an inclusion of smooth subvariety. There exist an element α ∈ GT(Y )
such that j∗(α) = a. It follows that:
a|F1 = (j∗α)|F1 = s
∗j˜∗i∗j∗α = s
∗j˜∗j˜∗i˜
∗α = eu(ν−F1)α|F1,
which implies
NA(eu(ν−F1)α|F1) = N
A(a|F1) ⊆
(
NA(eu(ν−F1)) \ {0}
)
+ lF1 .(5)
Assume that α|F1 is a nonzero element. Then the Newton polytope N
A(α|F1) is nonempty.
The ring KT/A(F1) is a domain so lemma 2.11 implies that
NA
(
eu(ν−F1)
)
⊆ NA
(
eu(ν−F1)
)
+NA(α|F1) = N
A
(
eu(ν−F1)α|F1
)
.(6)
In the case of non isolated fixed points one need to use lemma 2.11 (c) for the class
eu(ν−F1) (see remark 2.13). The inclusions (5) and (6) imply that
NA
(
eu(ν−F1)
)
⊆
(
NA(eu(ν−F1)) \ {0}
)
+ lF1 .
But no polytope can be translated into a proper subset of itself. This contradiction proves
that the element α|F1 is equal to zero. The map s0 is a section of an affine bundle so it
induces an isomorphism on the algebraic K-theory. It follows that α|X+F1
= 0. Thus the
element α is supported on the closed set
⊔
F∈(Z−F1)
X+F . It follows that a is also supported
on this set. 
Proof of proposition 3.6. Let {Stab(F )}F∈XA and {S˜tab(F )}F∈XA be two sets of elements
satisfying the axioms of stable envelope. It is enough to show that for any F ⊂ XT the
element Stab(F )− S˜tab(F ) satisfies conditions of lemma 7.2 for the set of vectors
lF ′ = sF ′ − sF − det T
1/2
F ′,>0.
The support condition follows from the axiom a). Let’s focus on the second condition.
The only nontrivial case is F ′ < F . In the other cases the axioms a) and b) imply that
difference Stab(F )F ′ − S˜tab(F )F ′ is equal to zero. When F
′ < F the axiom c) implies
that the Newton polytopes N(Stab(F )) and N(S˜tab(F )) are contained in the convex set
(cf. lemma 2.15) (
NA(eu(ν−F )) \ {0}
)
+ lF .
Thus
N
(
Stab(F )− S˜tab(F )
)
⊆ conv
(
N(Stab(F )), N(S˜tab(F ))
)
⊆
(
NA(eu(ν−F )) \ {0}
)
+ lF .

8. Appendix 2: The local product property of Schubert cells
LetG be reductive, complex Lie group with chosen maximal torus T and Borel subgroup
B+. Any one dimensional subtorus σ ⊂ T induces a linear functional
ϕσ : t
∗ → C.
For a general enough subtorus σ we can assume that no roots belong to the kernel of this
functional. Consider the Borel subgroups B+σ such that the corresponding Lie algebra is
union of these weight spaces whose characters are positive with respect to ϕσ. Denote its
unipotent subgroup by U+σ . Analogously one can define groups B
−
σ and U
−
σ .
For a parabolic group B+ ⊂ P ⊂ G consider the BB decomposition of the variety G/P
with respect to the torus σ. It is a classical fact that the positive (respectively negative)
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BB-cells are the orbits of group B+σ (respectively B
−
σ ). We prove that the stratification
of G/P by BB-cells of the torus σ behaves like a product in a neighbourhood of a fixed
point of the torus T (see definition 3.10).
Theorem 8.1. Consider the situation described above. Any fixed point x ∈ (G/P )T has
an open neighbourhood U such that:
(1) There exist a T-equivariant isomorphism
θ : U ≃
(
U ∩ (G/P )+x
)
×
(
U ∩ (G/P )−x
)
(2) For any fixed point x ∈ (G/P )T the isomorphism θ induces isomorphism:
U ∩ (G/P )+y ≃
(
U ∩ (G/P )+x
)
×
(
U ∩ (G/P )−x ∩ (G/P )
+
y
)
In the course of proof we use the following interpretation of classical notions of the
theory of Lie groups in the language of BB-decomposition. Note that we consider BB
cells in smooth quasi-projective varieties.
Lemma 8.2. Consider an action of the torus σ on the group G defined by conjugation.
Denote by F the component of the fixed points set which contains the identity. For a
subset Y ⊂ F we use abbreviations
G+Y = {x ∈ G| limt→0
x ∈ Y } and G−Y = {x ∈ G| limt→∞
x ∈ Y }
for the fibers of projections G+F → F and G
−
F → F over Y .
(1) The Borel subgroup B+σ (respectively B
−
σ ) is the positive (respectively negative)
BB-cell of the maximal torus T i.e.
B+σ = G
+
T .
(2) The unipotent subgroup U+σ (respectively U
−
σ ) is the positive (respectively negative)
BB-cell of the identity element i.e.
U+σ = G
+
id .
Proof. We prove only the first case for the positive Borel subgroup. Other cases are
analogous. It is enough to show that G+T is a connected subgroup of G whose Lie algebra
coincides with the Lie algebra of B+σ .
The variety G+T is a subgroup because the maximal torus T is a group and limit op-
eration preserves multiplication. Namely for g, h ∈ G+T such that limt→0 g = a ∈ T and
limt→0 h = b ∈ T it is true that
lim
t→0
g−1h = a−1b ∈ T.
The variety G+T is connected because the maximal torus T is connected. So it is enough
to compute the tangent space to G+T at identity. The exponent map is an isomorphism in
some neighbourhood of zero so we can limit ourselves to computation in the Lie algebra
g. The action of torus σ on g is given by differentiation of the action on G. The tangent
space T0G
+
T is equal to the BB-cell g
+
t . Consider weight decomposition
g =
⊕
h∈t∗
Vh.
Differentiation of the action of σ on g is equal to the Lie bracket so
g+t =
⊕
h∈t∗,ϕσ(h)≥0
Vh.
Which is exactly the tangent space to the Borel subgroup B+σ . 
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Proof of the theorem 8.1. Note that the Weyl group acts transitively on the fixed points
of homogenous space G/P . Thus replacing the torus σ by its conjugate by a Weyl group
element we may assume that a fixed point x is equal to the class of identity.
Denote the Lie algebra of the parabolic subgroup P by p ⊂ g. Denote by uP the Lie
subalgebra consisting of the root spaces which don’t belong to p. Let UP be corresponding
Lie group. The group UP is unipotent (as a subgroup of the unipotent group U
−).Consider
the action of torus T on UP by conjugation. Let’s note two facts from the theory of Lie
groups.
(1) UP is isomorphic to its complex Lie algebra as a complex T-variety (cf. paragraph
15.3b from [Bor91], or 8.0 from [KMT74]).
(2) The quotient map G→ G/P induces T-equivariant isomorphism from UP to some
open neighbourhood of identity.
Choose UP as a neighbourhood U of identity. The second observation and second point
of lemma 8.2 implies that:
X+ := UP ∩ (G/P )
+
id ≃ UP ∩G
+
id ≃ UP ∩ U
+
σ
analogously
X− := UP ∩ (G/P )
−
id ≃ UP ∩ U
−
σ .
Both isomorphism are given by the quotient morphism G→ G/P . We define morphism
θ : X+ ×X− → UP
as multiplication in UP . We aim to prove that this is an isomorphism. We start by
showing injectivity on points. Both varieties X+ and X− are subgroups of UP . So to
prove injectivity it is enough to show that X+ ∩X− = {id}. But X+ is contained in the
positive unipotent group and X− in the negative unipotent group, so their intersection
must be trivial.
As a variety UP is isomorphic to an affine space - its Lie algebra uP . The induced action
of T on the linear space uP is linear - it is part of the adjoint representation of G. It follows
that both X+ and X− are BB cells of the linear action on a linear space and therefore
linear subspaces. Thus the productX+×X− is isomorphic to the affine space of dimension
equal to dimension of UP . Thus the map θ is an algebraic endomorphism of an affine space
which is injective on points. The Ax–Grothendieck theorem (cf. [Ax68, Gro66, Theorem
10.4.11.]) implies that it is bijective on points. Affine space is smooth and connected
so the Zariski main theorem (cf. [Gro61, Theorem 4.4.3]) implies that θ is an algebraic
isomorphism. To prove the second property it is enough to show the containment
θ
(
X+ × (UP ∩ (G/P )
+
y )
)
⊂ (G/P )+y ,
for any fixed point y. Note that
X+ ⊂ U
+
σ ⊂ B
+
σ .
Moreover the BB-cell (G/P )+y is an orbit of the group B
+
σ and the morphism θ coincides
with the action of B+σ . So the desired inclusion holds. 
Remark 8.3. One can show alternatively that X− and X+ are isomorphic to affine spaces
using theorem 1.5 of [JS19]. It is also possible to omit the Ax-Grothendieck theorem by
using classical results of the theory of Lie groups. Namely lemma 17 from [Ste68] implies
that the map θ is bijective.
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